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1. Introduction 

In the previous paper [|I^, we have obtained BPS Dp-brane in IIA theory from 
non-BPS D(p+l)-brane via tachyon condensation in form of kink solution. In this 
article, we will continue in this approach and we will see, that due to the tachyon 
condensation on A^ non-BPS D9-branes in IIA theory, we can construct unstable 
system consisting D8-branes and D8-antibranes, confirming results in |Q|. The lower 
dimensional branes can then arise as tachyon kink solution on this system and in this 
"step by step" construction we will be able to construct all D-branes in IIA theory. 
It is clear, that with action for system brane and antibranes, that will be presented 
in this paper, we could construct all D-branes in IIB theory as well, following Q]. 

The starting point in our analysis is action for non-BPS Dp-brane, proposed 
in ref.|jl[]. Sen argued, that non-BPS D-brane must contain on its world- volume 32 
fermionic degrees of freedom, because this brane completely breaks bulk s persym- 
metry of IIA theory. The supersymmetric invariant action for BPS brane contains 32 
fermionic degrees freedom, but half of them is unphysical due to the presence of local 
gauge symmetry on world- volume of BPS D-brane, k symmetry |]T2[.We can expect. 



that non-BPS D-brane has the same DBI action as BPS brane, simply for the rea- 
son, that these branes have common origin and have the same spectrum of massless 
bosonic degrees of freedom on their world-volume. DBI term is manifestly invari- 
ant under space-time supersymmetry, which should be hold for non-BPS D-brane as 
well, as a consequence of the fact, that this brane is embedded into supersymmetric 
theory. On the other hand, DBI term is not invariant under k symmetry alone, so 
we cannot gauge away one half of fermionic degrees of freedom. The same is true 
also for BPS D-brane, but the action for this brane must contain WZ term and this 
whole action is invariant under k symmetry, leading to possibility of gauging away 
one half of fermionic degrees of freedom, which results into BPS D-brane. 

Sen also showed, how to incorporate effect of tachyon into this action. Because 
tachyon has mass of order of string scale, there is no systematic way how to obtain 
effective action for it, but we can estimate form of this action on some general 
grounds. The presence of tachyon was incorporated into original action for non-BPS 
D-brane with introducing the some F function, that has a basic property, that for 
tachyon equal its vacuum value, this function is zero, which leads to the vanishing of 
action for non-BPS D-brane resulting into appearance of super symmetric vacuum 
of IIA theory. 

In previous paper |T^, we have used the action for non-BPS D-brane, proposed 



by Sen in ref. |I]], for construction of BPS brane from higher dimensional non-BPS 
D-brane. For better understanding of new results, we review this construction in 
following part. 

In this paper, we generalize this construction for system of A^ non-BPS D9- 
branes, in order to obtain relation of our construction with ii"-theory construction. 



proposed in ref.0. With using the tachyon kink solution given in |Q, we obtain 
action, that can be expressed as sum of actions for brane and antibranes. We will 
argue, that this approach is not completely correct, because we know, that this 
system is unstable, so we could expect presence of tachyon field. Then we generalize 
tachyon kink solution and we obtain action, that has not been previously known in 
literature, but we will argue, that this action is exactly action for system of brane and 
antibrane. The arguments for validity of this conjecture will then be given. Firstly, 
we will show, that kink solution of tachyon on world- volume of pair brane+antibrane 
results, as expect, to the unstable non-BPS D-brane in IIA theory. As a further 
check, we will show, that this action under (—1)^^ operation presented in 0] leads to 
the action of non-BPS D-brane with the same dimension as in IIA theory and then 
with further sodding with (—1)^^ to the action for supper-symmetric D-brane in IIB 
theory with completely agreement with [0. 

As a last result, we present construction of vortex solution on world- volume of 
D8-brane+antibrane pair resulting into stable BPS D6-brane in IIA theory, with 
agreement with topological arguments presented elsewhere P, |^, ^ |]. This solution 
can be indication of further research in one step construction of lower dimensional 
branes from non-BPS D9-brane in IIA theory, in the same way as in |0. 

This is brief outline of present paper. In conclusion, we return to the issue 
with WZ terms, that not correctly reproduces this results and we present some 
speculations about this problem. 

2. Action for non-BPS D-brane in IIA theory 

In this section we review construction of lower dimensional BPS brane from non-BPS 



D-brane, as was presented in [0. The reader, who is familiar with this paper, can 



skip into section devoted to the multibranes solutions on A^ D9-branes in IIA theory 
1 

We start this section with recapitulating basic facts about non-BPS D-branes 
in IIA theory, following [|l|. Let a^, fi = 0,...p are world- volume co-ordinates on 
D-brane. Fields, living on this D-brane arise as the lightest states from spectrum of 
open string ending on this D-brane. These open strings have two CP sectors 0: first, 
with unit 2x2 matrix, which corresponds to the states of open string with usual GSO 
projection (—1)^ {ip) = l"^), where F is world-sheet fermion number and {ifj) is state 
from Hilbert space of open string living on Dp-brane. The second CP sector has CP 
matrix o"i and contains states having opposite GSO projection (—1)^ \ip) = —\4')- 
The massless fields living on Dp-brane are ten components of X*^(cr), M = 0...9, U{1) 
gauge field A{(t)^ and 32 component of fermionic field 6 transforming as Majorana 



^We work in units 27rZ^ — 1, metric has signature (— , +, ..+) and Majorana spinors are real and 
gamma matrices are pure imaginary. 



spinor under transverse Lorenz group 50(9, 1). We can write 9 as sum of left handed 
Majorana-Weyl spinor and right handed Majorana-Weyl spinor: 

9 = 9l + 9r, Tii9l = 9l, Tii9r = —9r (2.1) 

All fields except 9r come from CP sector with identity matrix, while 9r comes from 
sector with ui matrix. 

As Sen [jl[ argued, action of non BPS D-brane should go to the action of BPS 
D-brane, when we set 9r = {] (we have opposite convention that |l|]). From this 
reason, action of non-BPS D-brane in |I| has been constructed as supersymmetric 
DBI action, which is manifestly supersymmetric invariant, but has not k symmetry, 
so we cannot gauge away one half of fermionic degrees of freedom, so that this action 
describes non-BPS D-brane. In the following, we will not need the general form of 
this action, because we would like to have clear physical interpretation of our result, 
so that we will work in static gauge: 

S = -cJdP+'a^-det{G^, + F^,) 

Gf,u + F^y = ri^u + 6ijdf,(j)'du(l)^ + F^^ 
-29l{T. + T,d,<j)')d^9L - 29r{T^ + T,d^<j)')djR + 



+iOLT^d^9L){9LTMdjL + 9RTMdjR) + 






rT di,9R)(9iXMd^9L + 9RVMd^9R) 



:2.2) 



where F^^ = d^A^ — d^A^ is a field strength for gauge field and C is constant equal 
to the Dp-brane tension (we work in units Ig = I) ■ 

Now if we set 9r = 0, we obtain action for BPS D-brane as in ref. ||T^. 

The next thing is to include the effect of tachyon. In order to get some relation 
between tachyon condensation and supersymmetric D-branes, we would like to have 
an effective action for massless field and tachyon living on world-volume of non-BPS 
D-brane. This effective action should appear after integrating out all massive modes 
of open string ending on Dp-brane. Because tachyon mass is of order of string scale, 
there is no systematic way to obtain effective action for this field, but we can still 
study some general properties of this action. Following ref. |^, the effective action 
for non-BPS Dp-brane with tachyonic field on its world-volume should have a form: 

S = -J dF^^a^-det{G,, + F^.)F(T, 9^T, D^d^T, ...G'^, G'iT) + Iwz (2.3) 



where G'^g are symbols introduced in |]TD|], that are appropriate quantities for open 
string in presence of general background arising in closed string sector. In this note, 
we are interested in the simplest case, where metric is fiat and B field is zero, so that 
this quantities can be taken to be trivial. 



In the function F the constant C is included , so that for T = 0, F = C and we 
obtain action for non-BPS D-brane ( p.2|) . This function has a important property 
[||], that for tachyon field T = Tq, where Tq is a vacuum value of tachyon field, this 
function is zero ^: 

F{To) = (2.4) 

We also have I^z = due to the fact, that WZ term has a form for non-BPS 



Dp-brane |11 



I^z = C CAdTAe^+^AG (2.5) 

Jp+i 

where G is geometrical part of WZ term, but in our case we take normal and tangent 

bundles to be trivial, so this term is trivial as well. We see, that for T = const., this 

terms is zero. When on the whole world-volume the tachyon is equal its vacuum value 

Tq (Recall, that vacuum value of fields is the value, that minimise potential for this 

field), the action is identical zero and we end with pure supersymmetric vacuum, 

which is satisfactory result, because we expect, that after tachyon condensation, 

non-BPS D-brane disappears and we obtain supersymmetric vacuum. 

Now we are interested in nontrivial behavior of tachyon on world- volume of non- 
BPS D-brane. In other words, we would like to construct kink solution for tachyon. 
As was explained elsewhere 0, ^, when we have one non-BPS D-brane, tachyon field 
must be real and consequently there is no coupling between tachyon and gauge field 
living on world- volume of non-BPS D-brane. It can be shown [§, ^, that potential 
for tachyon must be even function of T, so that we have two values of T, that 
minimise potential for tachyon. In other words, we have two ground (vacuum) states 
for tachyon field : {Tq,—Tq}^. 

In order to construct supersymmetric D-brane as topological solution of fields 
living on world-volume of non-BPS D-brane, we expect, that these massless field are 
slowly varying, so that we can expand DBI action in standard form, when derivatives 
of massless fields are small. As a result, we obtain action for U(l) gauge field and 
massless scalars 0*, « = p + 1, ...9, describing transverse fluctuations of D-brane, as in 



ordinary construction of BPS D-branes ||T3| , p^ . There are also terms for fermionic 
fields 9r, 9l, so that action has a form 



S = -J d'P+\F^,F^'' + 26,,d^<P'd^<j>i + F.T.)F{T, dT...) + Iwz 



(2.6) 



^In fact, Sen argued, that in case of constant T, F reduces to the potential for tachyon and as a 
consequence of general form of potential for tachyon, this term is zero for T ~ Tq. In this article, we 
slightly change behavior of this function, because we only demand, that in point on world-volume, 
where tachyon is equal to its vacuum value Tq, we should recover supersymmetric vacuum, so that 



there are no fields living on non-BPS D-brane, so we have (2.4). 

■^To see, why tachyon is real, we must consider general case of N non-BPS D-branes, where 
tachyon lives in adjoin representation of U{N) gauge group. Because U(l) has no adjoin represen- 
tation, tachyon field is real field with charge zero. This has important consequence in construction 



F function in (2.3) 



, where F.T. means term containing both left handed and right handed fermionic 
fields Or, 9l- We need not to know direct form of this term, we only must know, that 
in case oi Or = Q and T = 0, this action goes into SYM action with gauge group 
U(l) describing BPS Dp-brane in low energy limit. 

Now we would like to construct kink solution for the tachyon field. This means, 
that we must solve equation of motion for tachyon, which can be obtained from (|2.6|). 



Because tachyon is present only in F function, we can obtain equation of motion for 
tachyon from this function. In the next part we must determine on some physical 
grounds form of this function. We expect, that interaction terms between tachyon 
and other massless fields must be present in this function, because as in ref.|ll], when 
we set T = 0, we must obtain action for non-BPS D-brane. 
We write F as 

F = C{V{T) + G{T,eR,eL)) (2.7) 

, where V(T) is potential for tachyon and in G we have included kinetic term for 
tachyon and all interaction terms between tachyon and spinor fields and we have used 
the fact, that tachyon has charge zero with respect of gauge field A^. For the same 
reason there is no interaction term between tachyon and scalar field 0*, because we 
know, that non-BPS Dp-brane transform under T duality into non-BPS D{p — 1)- 
brane, which results into transformation of component of gauge field in direction of 
T transformation into scalar field describing position of T dual D(p-l)-brane in dual 
direction, and because tachyon has no charge with respect to gauge field, we can 
conclude, that there is also no interaction between tachyon and scalar field (We have 
fiat metric and B=0, so that we have no interaction between tachyon and light fields 
coming from closed string sector). 

Now we must discuss possible form of G function. We know from previous 
discussion, that 9^ comes from CP sector with identity matrix and Or comes from 
CP sector with cji. As we know, open string amplitudes comes with factor containing 
trace of CP matrix. Interaction vertex with two fermionic lines and k tachyon lines 
contain following trace (we are interested only in terms with two fermionic fields 
without derivatives, because interaction with more fermionic fields and with more 
derivatives do not give new information): 

Tr((ai)'^lai) (2.8) 

where first matrix corresponds to the tachyon, the second matrix to 9l and the 
third matrix to Or. From the identity 1i{a\^^^) = it is clear, that k must be odd. 
We than propose interaction between tachyon field and one spinor field from left 
handed sector and one field from right handed sector: 

G(T, Or, 9l) = f{T)9R9L + d^Td^T (2.9) 



where /(T) are odd function of T and where we have included only terms with two 
derivatives of tachyon into G ^. 

Now, we are ready to construct kink solution on non-BPS D-brane. We suppose, 
that tachyon is function only one co-ordinate, say xi. Firstly, we should ask what 
happen, when T is equal one of vacuum expectation value in one particular point. 
We know, that F in (|2.6| ) must be zero in this point, because we should obtain pure 
super symmetric vacuum in this point: 

F = C(V(To) + /(To)Ml) = (2.10) 

, because V{Tq) is zero and there is no reason why /(Tq) should be zero (for example, 
in the simplest case /(T) = T, this function is clearly nonzero in T = Tq ), the only 
possibility is to take either 6^ or 6l to be zero. We choose ^^^ = in the point, where 
T = Tq. We must also mention, that other fields are not restricted in this particular 
point. 

In kink solution, tachyon approaches in limit Xi -^ — oo one vacuum value (say 
—Tq) and then in limit Xi ^ oo the vacuum value T = Tq. We can take special limit 
of this solution, when tachyon is different from its vacuum expectation value Tq only 
in small region around point Xi = and in extreme case, T has a form: 

Of course, this is very special function and there could be some opinions, why we 
do not take terms with higher derivatives into G, but we expect, that these terms 
make behaviour of our solution more singular, so that in any case, F looks like 
F ~ 5(a;i)(this can be seen from the fact, that potential term in ( |2.10|) is finite 



function and singular behaviour comes from derivative term). Now from ( |2.9|) we 
can obtain the equation of motion for tachyon 

d^T df\- ^ ^ dV , , 

We know, that Jj, ' ~ S{xi) and ^ is singular as well, but because delta function 
is even function, this function is odd, we can expect, that these two terms cancel 
among themselves, and because we suppose, that f{T) is polynomial in T, that is 
finite in region xi = 0, we can conclude, that in order to satisfy equation of motion 
for tachyon, we must demand, that Or is zero in xi = as well. 

0R = (2.13) 



'^We can also consider interaction in the form: g{T){dji9R + Ol^l), where now g(T) is even 
function in T. As will be explained letter, it is natural to consider this term to be zero. 



This result is with agreement with our original assumption, that massless fields 
vary slowly on world-volume of non-BPS D-brane, because in case of nontrivial de- 
pendence of Or on xi, its derivative would by proportional to the delta function and 
then Or certainly does not vary slowly on world-volume of non-BPS D-brane. 

We know, that in extreme case ( |2.11|) , we have 

F(xi) ~ C5{xi) (2.14) 

^ and when we insert this term into ( |2.6| ), we obtain integral over (p-1) spatial 
direction, which can suggest, that we have obtained low energy action for EPS D(p- 
l)-brane (Condition ^^ = in original action leads to the action for BPS Dp-brane) 
^, but there are two puzzles, that must be resolved. Firstly, when we insert ( p.l4| ) 
into (p.6|), we also obtain following terms 



, where ^ is any massless world-volume field. But we know, that there is no depen- 
dence of any field in resulting (p-1) dimensional action on xi, so we must demand, 
that this term is zero. 

d.M..=o = Q (2.15) 

The other problem arises with scalars describing transverse fluctuation of D- 
brane. Any Dp-brane has (9-p) world-volume scalars describing fluctuation of this 
D-brane in transverse directions. Original non-BPS action has (9-p) scalar fields, but 
now we would like to have action for D(p-l)-brane, so that there should be (10-p) 
scalars. We can obtain this additional scalar from gauge field. Remember, that in 
original action we have had a term (now M, N goes from 0...p and /i, i/ = 0...p — 1 ): 



MN^ 



^MN 



2F^^F^^ + F^,F^^ (2.16) 



We see, that additional scalar can be first component of gauge field Ai, that has 
kinetic term 

2Fi^F^'' = 2d^Aid''A^ (2.17) 



, that has the same form as term for scalar fields in ( p.6|) , so that after renaming 
A^ = (f)P, we obtain (10-p) scalars, the correct number of scalar fields describing 
transverse fiuctuations for D(p-l)-brane. From previous facts and from ( |2.13| ) we 



conclude, that kink solution on non-BPS Dp-brane forms BPS D(p-l)-brane, that 



^We give more precise numerical factor bellow, after fixing vacuum value of tachyon. 

^we must remember, that we are working in units 2itIs — 1, so that tension of Dp is ( C ~ 1/g ), 
but when we would work in units, where 2ttIs is not one , than integral over xi would be multiplied 
with Ig , so we would obtain tension for D(p-l)-brane as T ^^ Clg ~ —fi ~ -w, which is a correct 
tension for D(p-l)-brane. 



is localised in xi direction. This can be also confirmed with WZ term [|T^, that in 
extreme case has a form {dT{xi) = 6{xi)dxi) 

Iwz= [ C Ae^ (2.18) 

which has the same form as WZ term for BPS D(p-l)-brane. 

3. Multibrane solutions on N 9-branes in IIA theory 

In this part we would like to analyse tachyon solution on A^ 9-branes in IIA theory 
proposed by Hofava in ref.pj. Firstly, we must say a few words about potential for 
tachyon taking value in adjoin representation of U{N). We can expect this potential 
in the form: 

V{T) = -m'^TiiT^) + ATr(T^) (3.1) 

This potential leads to the ground state value of tachyon, where all eigenvalues are 
equal, possibly up to sign. ^. 

As in ref. 0, we take tachyon vacuum value in the form: 

T„^T„(Y;J (3.2) 

We see, that this vacuum value is invariant under gauge transformations of the form 
U{N — k)x f/(/i;), because each element, that belongs to this gauge group, has a form 




, where A G U{N — k) and B G U{k). Now we take solution of equation of motion, 
where tachyon forms kink. This kink solution should lead to the collection of 8-branes 
and antibranes f^. In particular, tachyon can look around point a; = as: 

-xlkj 

This kink form state with N — k 8-branes in point x = and k anti 8-branes 
in the same point . Of course, we can expect, that this configuration is unstable, 
which can be seen from supergravity point of view as a result of attractive force 
between brane and antibrane, so that k branes anhilate with k antibranes resulting 
into stable configuration oi N — 2k branes (We consider situation, where N — k is 




larger than k.). Firstly, we will analyse the tachyon solution (|3.3| ) in the same way as 



^This potential is not zero for T = Tq.To get potential, that is zero for T = Tq. we add constant 
to the potential, that leads to V{T) = -m'^TT{T'^) + XTt{T*) + XTr{To)^. This function is zero for 
T = Tq. In the following, when we speak about potential for tachyon, we will mean this expression. 



in case of one non-BPS D-brane presented in the previous section and we show, that 
this analysis leads to the action describing N — k D8-branes and k anti D8-branes. 
However we will see, that tachyon field in the form (|3.3|) leads to the solution, where 
is not complete clear instability of these configuration. In other words, in resulting 
action the terms describing tachyon arising from open string connecting brane and 
antibrane are missing. Then we show, that simple modification of tachyon solution 
in ( p.3|) leads to the expression, that can be interpreted as correct action for the 
configuration of branes and antibranes. 



We start our analysis with WZ term for non-BPS D-brane ||TT|, that has a form 



S = a fcAd (TrTe^) (3.4) 

where a is a constant proportional to D-brane charge and where geometrical part 
is trivial due to the fact, that there is no normal gauge bundle. We see, that this 
term is gauge invariant, because contain trace over matrices in adjoin representation. 
But when we make expansion of exterior derivate 

Trd(Te^) = TidT A e^ + TTTd{e^) 

we would like to have each term invariant separately. Natural generalisation is to 
take covariant derivate in place of ordinary exterior derivate, so we obtain the result: 

Iwz = JCp+iATrDiTe^) (3.5) 

where D = d + [A,] ^ . As a check, we would see, that this new WZ term correctly 
reproduce charge of D8-branes and D8-antibranes, after using ( |3.3| ) ^. 

We have conjectured, that tachyon field T describing configuration oi N — k D8- 
branes and k D8-antibranes has a form ( |3.3| )(As in |^ we do not consider possible 
convergence factor.). We suppose, that near the core of the vortex, tachyon is in 
its vacuum value. We have also seen, that this T breaks gauge symmetry into 
U{N — k) X U{k). We would like to know, whether (|3.2| ) places some restrictions on 
gauge fields. We demand, that this configuration must solve equation of motion for 
tachyon, so that exterior derivate DT is zero in the point, where tachyon is equal to 
its vacuum value. Because except the point x = 0, tachyon is in its vacuum value (we 
consider solution in the form ( |2.11| ).), we have dT = 0, so that we obtain condition 



for gauge field outside the point x = 0: 



[To,A,] = (3.6) 



* Arguments for the using of covariant derivate in place of ordinary derivate come from T-duality. 
We consider term TiYT, where 1" is a field on D-brane describing transverse fluctuation of brane in 
this direction. When we apply T-duality in this direction, we obtain term TrDT, where scalar field 
was replaced with covariant derivate. We can than expect, that all derivates should be replaced 
with covariant derivates. 

^There are important objections to this result, that will be presented in conclusion. 



We write A^. as follows: 



A. 



A B 
CD 



and after inserting into (|3.6|), we obtain: 



Ik 



A B 
CD 



2B 
-2C 



(3.7) 



, where we omit constant factor. We than see, that 5, C = 0, in other words, gauge 
fields divide into two parts corresponding to the gauge group U{N — k) and U{k) 
respectively. When we look at (|3.3D, we see, that tachyon field breaks gauge symmetry 
also in point x = 0, we can than expect, that gauge field is in two subgroups of gauge 
group everywhere as well, because we do not expect singular change in the gauge 
group. This result has a direct consequence, because we have 



[T(x),A,(x)]=0 



(3.8) 



for all X, so that covariant derivate T is the same as ordinary derivate : DT = dT. 
We than obtain 



TTD{Te^ 



TrDTe^ + TiTDie^) 



TidTe^ 



(3.9) 



where we have used the Bianchi identity DF = 0. From ( p. 11 ), that holds for all 
diagonal elements, we obtain: 



dT{x) 



6{x)lN-k 









-5ix)h 



dx 



(3.10) 



and using the know result from algebra: 

'AO\fCO\ 



Tr(, 
\0 B 

we arrive to the final result : 



D 



Tr{AB) + Ti{CD) 



(3.11) 



I = fc A TidT Ae^ = fcA dx6{x)TTN-ke^ - f C A dx6{x)TTke^' = 

= f CATr^_fce^- f_C A Ti^e^' 

JD8 JDS 

(3.12) 

where F G U{N — k) is identified with field strength for N — k 8-branes and F' G U{k) 
is field strength identified with k anti-8-branes. 

This result can be expected in the action for N — k branes and k antibranes, 
consequently can serve as a justification of validity of construction branes through 
tachyon condensation. But this cannot be final result, because there is missing term 



10 



expressing instability of this configuration, as in [|16|. We will see, that we do not 
obtain correct result even in case of more general tachyonic kink solution. We return 
to this important question in conclusion. 

As a next step, we start analyse action for non-BPS D-brane in the same way 
as in previous section. Because we do not know exactly the DEI action for system 
of N-brazes, we take low energy limits with all derivatives and all field strength of 
massless fields to be small, so that generalised action for A^ 9-branes looks like: 

^ = - /(I + \){1:tFmnF^'' + 2^Tr^^r*^Z}M^L + 
+2^Tr^Hr*'DAf^ij)F(T, DT, ...) + Iwz 

(3.13) 

Where we have introduced a constant term and as in ref. |jl| we expect, that for 
T = this action comes to the action for N non-BPS D-branes, so that we have 
F{T = 0) = C. From this reason, the terms in brackets must be separately gauge 
invariant and F must be gauge invariant as well. We generalise results from ref.[|T5| 
for the case of A^ non-BPS D-branes, so that we we can expect F in the form: 

F(T, DT..) = IiDmTD^'T + Tr(/(T)ML) + V{T) (3.14) 



Now we suppose kink solution of the tachyon field in the form ( |3.3|) (More precisely, 
we take kink solution with diagonal term to be equal to (|2.11|) .). We know, that this 
solution break gauge symmetry into U{N — k) x U{k). Again we demand, that in 
some particular point x where T = Tq this system is equivalent to the supersymmetric 
vacuum, so we have F(To) = and this condition place some constrains on massless 
fields ^° . Firstly, we analyse gauge fields. 

In place, where T = Tq , we must have DT = 0, which again leads to the 
separating gauge fields into two parts, A^, transforming in adjoin representation of 
U{N — k) and A'^ transforming in U{k). Even if the breaking of gauge group appears 
only in x-th component, this must hold for the other components as well, because 
the braking of gauge group does not depend on component of particular field. We 
see, that there are no other conditions for these fields, except the well know fact, 
that must vary slowly. From the previous section we know, that massless fields must 
be independent on x direction for tachyon field forming kink solution. With using 
this fact, we obtain from kinetic term for gauge field following result: 

TiFmnF^"" = TiN-kF^.F'^" + TrfcF;,F'^^ + Tr^^^F^^F^^ + Tt^F'^^F'^^ (3.15) 

where: M, A^ = 0, ...9, /i, i/ = 0, ...8. We see, that the first two terms correspond to 
the field strengths of gauge fields living on world- volume of 8-branes and 8-antibranes, 
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This condition is equivalent to the condition, that tachyon must obey equation of motion 



6T — "■ 
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and the third and the fourth term correspond to the transverse fluctuation of 8-branes 
and antibranes after renaming A^ = X: 

i:iM-kF^.F^^ = 2Tr^_fe(5X + [A^, X]f = 2Tr^_,(D^XD^X) (3.16) 

and the same form for antibranes. 

In the same way we will analyse the fermionic term in point, where T = Tq. In 
this point, the function /(T) in ( |3.14| ) looks like: 

/ra^(^^-™^-^^-,;,J (3.17) 

where function K follows from the form of /. Now we write fermionic terms as 

where A, E are matrices with {N — k) rows and {N — k) columns, D, H are k x k 
matrices and C, G are k x [N — k) matrices and finally B, F are matrices with (N — k) 
rows and k columns. With this expansion, the potential term in point T = Tq is 

Tr/(T)MiJ = TTN-kK{To)(AE + BG) + TTkL{To){CF + DH) (3.19) 

Again, this term must vanish. As in case of single non-BPS D-brane, we have some 
possibilities to obey this condition and we take 

A = 0, D = (3.20) 

in point T = Tq, but due to the same arguments as in one non-BPS brane, this 
must be extended over the whole axis x. The other choices are either B,C = or 
G,H = 0. We take G,H = , in order to obtain nontrivial interaction, when we will 
consider generalised tachyon solution in the next section. 

G = 0, F = (3.21) 

In the same arguments as before, these two matrices must be zero on the whole 
X axis. As a next step, we insert this result into kinetic terms for fermions in (|3.13| ). 



We start with 6r. As in previous situation for gauge field, we demand, that fermionic 
fields are independent on x co-ordinates: 

OJl = 0, dJn = (3.22) 

so that derivative part in covariant derivate for 6r has a form: 

Tre^T^'dMeR = TiN-kCTf'd^C + TikBT'^d^B (3.23) 
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and term with gauge field is: 

Ti9lT^'[Am, 9l] = TiN-kCT^^iA'^C - CA,) + Tr,5r^(A^fi - BA'^^) + 

+TTN-kCT\X'C - CX) + TrkBT^XB - EX') 

(3.24) 

where we now take x direction as 9-th direction and we have renamed Ag as X 
and /i = 0, ...8. We can see, that the last term expresses nonlocal character of spinor 
fields, because relates scalar components living on brane with scalar component living 
on antibrane. It seams to be strange and we return to this puzzle in a moment. We 
must also argue, that appearance of these terms is natural, again from the reason of 
T-duality, where from standard gauge covariant term, that will be written bellow, 
we obtain exactly this term. 

The gauge covariant terms for C, B are: 

TYkBV^^id^B + {A,B - BA'^)) 
Tr^„fcCT^(9^C + (A;C - CA,)) 

(3.25) 

In the following part, we would like to argue, that this Lagrangian correspond 
to the fermionic degrees of freedom arising from string theory point of view as a 
fermionic states from R sector of open string stretching between N — k 8-branes 
and k 8-antibranes, so that from string theory we have transformation law for these 
spinors 

%l)^gtl)h-\ geU{N -k), heU{k) (3.26) 

^^. We must also note, that these spinors, are complex, where this complex property 
is a consequence of the fact, that these fermions come from the oriented string, 
so that we have two degrees of freedom for each string starting on i-th brane and 
ending on j-th brane (In case of non oriented strings theory, these fermions will be 
real, because they are Majorana-Weyl spinors and can be real in appropriate basis for 
Dirac matrices.). From the transformation property of spinor modes on A^ 9-branes 
under transformation of the form 



U =\^ \,ge U{N -k),hE U{k), U E U{N - k) x U{k) 




and 



9 -^ U9U- 



^^This transformation law is the same as for tachyon, that was presented in B, because we have 
from string theory analysis of Chcn-Paton factors: 4' ''' ~ g^''h*^^ip^'' — g^'' (h^Y^ ip'^^ = [giph^^y^ . 
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that holds for both left and right handed spinors, we obtain for 

the transformation property for C and B 

B = gBh-\ C = hCg-^ (3.27) 

We see, that these spinors transforms as in (|3.26|), so we can interpret these spinors as 



spinor states coming in string theory point of view from sector of strings connecting 
brane and antibrane. As other check, we can show, that ( p.25|) is invariant under 



U{N — k) X U{k) symmetry, where gauge fields transforms as: 

A = -dgg-^ + gAg-^, A' = -dhh'^ + hgh'^ (3.28) 

where g, h have the same meaning as before. We introduce covariant derivative 
DB = dB + AB — BA , that transforms as: 

JDB = gbh-^ (3.29) 

so that first term in ( 3.25| ) is gauge invariant: 



TikBTDB = TikihBg-'gVDBh-') = TikBTDB (3.30) 

where we have used(-B = gBh'' =^ B = B'^T^ = gBh^^) and where for simplicity 
write TD instead T^D^. ^^ From the fact, that 9 = 9\ we obtain C^ = 5, so that 
both two terms in ( p.25|) are the same. 



Now we would like to analyse form of 9i. We see, that in ( p.l8| ), F and G are 
zero. We than have: 

^r^^^M^L = TiN-kEV^'d^E + TiJlV^'d^H (3.31) 

where we again use ( |3.22| ). The part with gauge fields gives: 

TlT'''[Am.9l] = i:iN-kET>^[A^, E] + TiJlT^^lA'^, H] + 

+TTN-kET^[X, E] + TikET'^lX, H] 

.(We rewrite E^9,H ^9'). 



(3.32) 



^^We must say a few words about notation. When we write Tripip — Tr-0-^tpO^^ — ^^ ■0*^r°'0y , 
where symbol T over ijj means operation of transposition related to the spinor indexes as in ordinary 
QFT and indexes i,j can be interpreted as labeling different species in internal symmetry. 
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9 is field coming from tlie string sector living on N — k 8-branes and 6' is field 
coming from the string sector living on k anti 8-branes. With this notation we obtain 
from ( p.31| , p732D the well known terms for spinor fields living on branes: 



TTkW{r^D^0' + r^[x',e']) 



(3.33) 



We are now ready to write the complete action after tachyon condensation. With 
using ( |3.12|J3.15| , p.l6| , p.24| , p.25] , p.33| ) and with the fact, that as in case of one non-BPS 
brane, we have F{x) = CS{x) ^^ , so we obtain 



S = S, 



brane 



+ s, 



antibrane 



(3.34) 



S, 



brane 



-CJ^^ TiN-k [F^uF^'' + 2D^XD^X + 2ie{T^'D^e 



+r[X, e])j + TikiBT^'Df.B + Br{XB - BX')) 

+ f CA TiN-kC^ 



and for anti-brane 



S, 



anti 



-C f Trfc (f'F'^"' + 2D^X'D'f'X' + 2ie'iT^D'e'+ 
+r^[X', e'])) + TikiBVD^B + BT^{XB - BX')) 

- f CA Tr^e^' 



(3.35) 



(3.36) 



We see, that due to the tachyon condensation into kink solution of the form 
( |3.3| ), we obtain action ioi N — k 8-branes and k 8-branes. We also see, that both 
action for branes and antibranes contain the common term, that from the string 
theory point of view comes from R-sector of string connecting brane and antibrane. 
The form of the whole action, that is expressed as sum the two action for different 
branes and antibranes suggests, that from the tachyon solution, we obtain brane 
and antibrane, that are distinguishable, but there is a difference from ref. [§]. In that 
paper, a covariant derivate for tachyon in the action for brane, that contain only 
gauge field living on brane, is DT = dT + AT and on antibrane is D'T = dT — A'T, 
while in case of indistinguishable branes, we have covariant derivate for tachyon 
DT = dT + AT — A'T (In our case, tachyon correspond to the spinor field coming 
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Again, we do not carry about precise numerical factors, which will be given in the next section. 
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from string connecting brane and antibrane.). In our approach, we have branes 
and antibranes, that seam to be distinguishable, which can be natural property 
of them, because branes carry RR charge and antibranes carry opposite charge, 
but covariant derivate for spinor field contain both gauge field living on brane and 
antibrane: Di? = dB + AB — BA' . It seams to us, that this covariant derivate is more 
appropriate for field, that arise from string sector connecting brane and antibrane, 
because this field, that for example now live on brane, can also field gauge field living 
on antibrane. In ( 3.34| ) is also term, that relates transverse fluctuation of brane and 



antibrane due to the spinor field {XB — X'B), that again supports idea, that these 
field can have string theory interpretation in terms of string connecting brane and 
antibrane. 

The other puzzle is with tachyon. We know, that system of brane and antibrane is 
unstable, so that there should be tachyon presented in the action reflecting instability 
of these configuration. In the next section we will show, that simple modification of 
tachyon solution in (|3.3|) leads to correct result. 



4. Generalised tachyonic solution 

Firstly we must ask, what form of tachyon field we would like. We demand, that out- 
side the point x^ = 0, where branes and antibranes are sitting, the system should be 
equivalent to the supersymmetric vacuum, so that tachyon must be in their vacuum 
value 

r.^T„(Yy (4.1) 

The question is, how this solution looks like around point x^ = 0. Again we would 
like to have kink solution on diagonal elements of tachyon fields, that in extreme case 
is 

T{x'Ua, = n ( ~^^-' ° ) , x^ < 0, T{x'U, = T. (^ ^^^-^- _° ^ ) , x^ > (4.2) 

but generally, there could be nonzero tachyon field in non-diagonal form in point 
x^ = 0, which must be zero in points outside x^ = 0, so that we take solution in the 
form 

T(r] - (To{x)lN~k T{y)5{x) \ 

'^''>-[T{y)6{x) -To(x)lJ ^^''^ 

where Tq{x) is given in ( |2.11|) and y mens co-ordinates on R^'^. We insert this function 
into ( p.l4| ) and we will analyse various constraints as in previous case. The analysis 
is almost the same as before with difference in point x = 0, where new phenomena 
arise. As in previous part, in point, where T = To, the system must be equivalent to 
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the super symmetric vacuum, which again leads to the breaking of gauge field as in 
form ( p.6|) . This leads to following results: 



^2.2/ N , o/^/ ^^^(^) 



TrD,TD,T = TimT^6\x) + 2{T{y)-^ + {A^T - TA',)6{x)Y (4.4) 

where we use of gauge fields in the form 

AM^(t''] (4.5) 



A' 



M . 



where Ag -^ X. Now as in ordinary QFT, we can take 6'^{x) ~ 6{x) and in the 
same way (-^)^ ~ dx- Then in the second term in ( [4.4| ) are expressions, that are 
proportional to —^ leading after putting into integral to the results: 



but from the requirement, that derivation of any massless field in point x = is 
zero, we see, that contribution of these terms is zero( in the following, we will write 
X instead x^, only in situation, where gamma matrices will be presented, we use x'^.). 
As a result, we obtain from 



{NT^ + 2Trjv_fc(XT - TX'){X'T - TX))5{x) (4.6) 

where for simplicity T means T{y). In the same way, we obtain: 

D,nx,y)= (;5^^o^l'^(^) (4-7) 



where we have defined DT = dT + AT - TA', DT = dT + A'T -TA. As a result, 
we obtain 

TrDT^DT" = 2TTN-k{DT''^^)6{x) (4.8) 

Now we comes to the analysis of potential. This potential has form: 

V{T) = -m^TT{T^) + ATr(T^) + ATr(ro)^ (4.9) 

having property V(Tq) = 0. We see, that in points x 7^ 0, this potential is zero. For 



points around x = 0, we must return to the (|2.11|) , where we now must remember, 
that this solution is express as limit of function ex, where c goes to infinity. This 
means, that in point x = 0, we have Tq = 0. (Remember, that this same is true in 
function /(T) in interaction between fermions and tachyon, but we demand contin- 
uous functions of massless fields, so when 9r is zero in all point except x = 0, is zero 



in point x = as well). We see, that in point x = the solution in( [4.3|) is : 



-(-«)-(n/f) ("»' 
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(we must remember, that this solution is formally multiplied 5(0). When we insert 
( ^AOD into (|4]|), we obtain: 



V = -2(-m^Tr^_fc(TT) + ATrjv-fc(TT)^)5(x) (4.11) 

We have multiplied this potential with delta function, because in all points except 
X = this is zero and in point x = there is a delta function coming from non- 
diagonal terms in ( [4.3|) . From this reason we can neglect constant term in (^4.9| ), 
because this is finite. 

As a last step we arrive to the terms with fermions in ( p.l4| ). As in previous 
section, for T = To we obtain, that diagonal terms in Or are zero: A,D = 0, and in 
9l the non-diagonal terms are zero: F,G = 0. By requirement of continuously, these 
fields are zero in point x = as well. As a result, after inserting ( |4.10|) into ( p.l4| ) 
we obtain for fermionic terms in the point x = 0: 

Tr/(T)M.^(^;^/(J) 

= (TTN-k{f{T)BE) + TTk{f{T)CH)) 6{x) 

(4.12) 

As in case of non-diagonal terms of fermions in previous section, we can show from 
transformation law for tachyon on original system of N non-BPS branes, that this 
remaining tachyon field transforms under U{N — k) x U{k) as : 

T -^ gTh\ g G U{N -k),he U{k) 




Then can be easily prove, that terms in ( |4.12| ) are invariant under U{N — k) x U{k) 



gauge transformations, (under this transformation, we have: E -^ gEg ^,hHh ^,C— > 
hCg-\ B -^ gBh'^f{T) -^ gf{T)h~\ g e U{N -k),he U{k), so that invariance is 
evident.) 

From string theory point of view, this is interaction term, that we would expect 
from interaction between string starting and ending on brane and string starting 
on brane and ending on antibrane. First term in ( [4.12D reproduces this interaction. 
T*-' corresponds to string starting on i-th brane and ending on j-th antibrane, C^'' 
corresponds to the string starting on antibrane and ending on brane and E^"^ comes 
from string starting and ending on brane. Then we make trace over this factor and 
we obtain precisely interaction as we can expect from string theory. We than can 
say, that first term correspond to the interaction on brane and the second to the 
interaction on antibrane. When we write all terms ( [4.4| , [4.8| , [4.1 1| , |4.12| ) together, we 



obtain function F, that contain delta function 6{x). Now when we insert this term 
into action for A^ 9-branes in (^.21), we obtain result: 
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+T^[X, e]) + 4iTrfc(5r^Z)^5 + BT\XB - BX')) + 

+Trfe [f'^^F'"" + 2D^X'D'^'X' + 2i9'{V^'D[fi'+ +V^[X\ 9'])) } x 

X [nT^ + 2TxN-k{XT - TX'){X'T - TX) + 



2TTM-k{DT''D^T + i-m'TiM-kiTT) + ATr(rT)^) 
+TTN-k{f{T)Be) + TTk{f{T)Ce')} + Iwz 



(4.13) 



where we have made exchange E ^ 6, H ^ 9' . 

We propose, that this action is correct action for system of N D8-branes and 
N — k anti D8-branes. Of course, we also expect, that this action is correct action 
for lower dimensional system of branes and antibranes. We can see, that this action 
leads to the action for distinguishable branes and antibranes as was presented in 
literature in case, when we expand bracket (1 + |) and neglect all terms containing 
products of terms from first bracket with terms from the second bracket, which can 
be schematically written as: 

S = -J{1 + \){F' + ...){DT' + ...) ~ -\ J{F' + ...) - J{DT'...) 



Action ( [4.13|) reduces in case fc = to the action describing A^ D8-branes, because 



than tachyon field T is zero and the second bracket in ( [4.13|) reduces to the term 



NT^, from this fact we can obtain value of T^. We know, that in unit 27r/^ = 1, 
tension of non-BPS brane is C = \/2g ^'^ and from requirement that resulting action 
describes A^ D8 branes, so that resulting tension is T = N/g, so we obtain condition 
for vacuum value of tachyon T„: 

^ ^ = _ ^ Tj = -= 4.14 

9 9 V2 



We can take special case, where action ( |4.13| ) describes one brane and one an- 



tibrane. Then the gauge group on brane+antibrane system is U{1) x f/(l). Firstly, 
we can ask, what happen for case T = Tq, where Tq is now minimum of tachyon 
potential appearing in ( [4. 131 ). The vacuum value is |Top = T^ = ^. For constant 
tachyon, all derivates are zero and we can deduce from second bracket of ( |4.13| ) 
function, from which we obtain equation of motion for tachyon: 

F = 2T^ + 2{{XT - TX'f + {AT - TAf + V{T)) + f{T){fermions...) (4.15) 



^We do not include into tension of brane various powers of n. 
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where the last term contains fermions, but we do not need its precise form. Then 
equation of motion for constant T reduce to : 

^ = ^ T((X - xr + {A- Af) + ^ + ^(-O = (4.16) 

We would like to evaluate this equation in point, where T = Tq. Then derivation of 
potential is zero for this value of tachyon from the fact, that vacuum value of T is 
value minimalising potential. Because T is nonzero, we obtain solution of equation 
of motion in form X = X', A = A'. First condition has consequence, that brane and 
antibrane in Tq coincide, which we can expect from the fact, that between brane and 
antibrane is attractive force. The second condition means, that gauge fields must be 
the same, which again means, that there is no charge for lower dimensional brane. 
The last thing is case of fermions. Because /(T) is odd function, its derivation is even, 
we can expect, that is nonzero for T = Tq. Then in order to obey equation of motion, 
the fermionic term must be zero, so that all spinor fields must be zero in point, where 
T = To ^^. We arrive to the conclusion, that in this point supersymmetric vacuum 
is recovered. We would like also, that action in this point is zero. We see, that all 
terms in F are zero except 2T^ + 2V{T). Vanishing of this term leads to the second 
condition for vacuum value of tachyon, that has a form: 

V{To) = T^ ^m^ = 2^\ (4.17) 

In the following examples we will show, that this action correctly reproduces 
some properties of system of branes and antibranes, that are expected on general 
grounds, and confirm the conclusion, that this action is correct action for system of 
branes and antibranes. 

4.1 Kink solution on pair D8-brane D8-antibrane 

Now we will construct kink solution for tachyon on pair D8-brane D8-antibrane. 
We use action given in ( ^.13| ) for special value of A^ = 2, fc = 1. Then expression 
in second bracket in ( |4.13| ) has a form(we will be interested mainly in the second 
bracket, because only this part contains tachyon.): 

{TTl + 2 (XT - TX'f + 2{DTDT + V{T)) + 

+f{T)B9 + f{T)Ce') 

(4.18) 

As was argued in previous part, we expect, that this term is zero in point, where 
T = To is a vacuum value of tachyon. We return more carefully to the term contain- 
ing fermions. Because /(Tq) is nonzero, we obtain some condition for them. First 



'This conclusion is not precisely correct and right form will be given in the next example. 
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possibility is C = B = ,but this it too restrictive and do not leads to the interesting 
interaction, as we will see. We expand B = C* in the form: C = X + iY, B = C*, 
because they are coniplex(This property is reflection of oriented string.), while 6,6' 
are real (This is due to the fact, that U{1) has not adjoin representation.). Then we 
get: 

/(ro)CT°^ + f{To)Br°6' = ^ f{To)Xr\6 + 6') + tfiTo)Y{6 - 6') = (4.19) 

this equation can be solved with choosing 

6 = 6',X = (4.20) 

together with conditions X = X' , A = A' . 
We take tachyon field in the form: 

T(..,) = TW + i^^ (4.21) 

where x = x^ and y are remaining co-ordinates. The factor 1/v^ has been taken 
in order to obtain correct form of kinetic term for tachyon. We choose T{x) in the 
form of kink solution as in (|2.11|) , that is also zero in point x = 0, and T{y) is real 



function of y. The analysis in point outside is similar as before and leads to the 
previous conditions on massless fields. Due to the condition A = A', that must hold 
everywhere, the covariant derivate in point x = leads to the ordinary derivate. 
Then we obtain as in previous case (in the following, we take x = x^ and /x = 0, ...7 
and again terms with derivate of delta function give zero contributions) : 

DTDT = 6{x)T^ + ^d^T{y)d''T{y)S{x) (4.22) 



With using the condition ( [4.17] ), we see, that constant term cancels with potential 
except the point x = 0, where its contribution is very small with respect to the delta 
function. In point x = 0, T{x) = 0, so that potential has a form: 

V{T) = l{-m'T{yr + ^T(y)^)5(y) (4.23) 

The last thing is term with fermionic interaction. At point x = this can be written 
as: 

itfiTiy))tYT'6 - tfiTiy)i-iYT'6)6ix) = 2/(T(|/))Fr°0 (4.24) 

where we have used the fact, that / is real function and where we have included factor 
— y= into definition of / function. When we remember, that Y comes from right 
handed sector in original configuration and 6 comes from left handed sector, than we 
can rename these fermions as y — >■ 6r, 6 —>■ 6l, then we obtain final expression: 

2fiTiy)){6^6L)5{x) (4.25) 
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Gluing (|4.22| , [4.23| , |4.25| ) together, we obtain final result from bracket containing 



tachyon field: 



2 l^d.Td'-T + T^ + ^i-m'T' + ^T') + /(r)ML| Six) (4.26) 



We can see immediately intriguing similarity with term (|2.7| , |2.10|) . Which can 



suggests, that this construction leads to lower dimensional non-BPS D-brane. This 
will be seen also from analysis the first bracket in ( [4.13 ). 



We know, that field theory on brane and antibrane has gauge symmetry f/(l) x 
[/(I), so that field strength is abelian and scalar fields and fermionic fields do not 
couple to the gauge fields, because U{1) group has not adjoin representation, which 
also leads to the absence all interaction terms between massless fields. First bracket 
also contain term BT'^^DmB, [M = 0, ...8), that reduce due to the condition A = 
A' into BT^d^B, where we have used well know fact, that all massless fields are 
independent on x. The next steps are straightforward. Again, A^ is interpreted 
as scalar field describing fiuctuation in x^ direction and FmnF^'^^ = FauF'^" + 



2d^X^dfj_X^. From the fact, that the second bracket in ( [4.26|) contains factor 2, so 



that terms for A, X, 6l, Or are doubled, we make redefinition: 

2A^A,2x^x,2eL^eL,V2eR^eR (4.27) 

so that final result is 

S = -C j ^^{l + \) {f^uF^'' + 2d>'X'd^X^S,,+ 

+2te^T^d^eR + 2ie^T>'d^eL) x 

X (^d.Td^T + T^ + ^{-m'T' + ^T') + f{T)d^0L] 

(4.28) 

which is a correct action for non-BPS D7-brane as proposed in [Jl|. As a check, 
consider tachyon condensation on world-volume of this brane. For simplicity, we 
take T to be equal to its vacuum value everywhere. We must determine vacuum 
value of tachyon. From definition, this value minimalise potential, so we have: 

We see, that this value exactly cancels with constant term T^, using ( [4.17] ): 



r.? + Ivn) = ^,-^,=0 (4.30) 

so that including term T^/2 into potential leads to the potential with V(Tq) = 0, 
which is correct value of tachyonic potential for non-BPS D-brane. As a further 
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check, we can proceed in the same way as in section devoted to the construction of 
single brane from unstable brane. We do not mean to repeat the same calculation, 
but we note only one thing. For tachyon in kink solution, the F function reduces to 
the form F = ° ^^' , where now we have from potential term : V(T) = —m'^T'^ + ^T^ 
the minimum of the potential: Tq = ^ = ^. When we insert this into ( [4.28[ ), we 



obtain action for BPS D-brane with correct tension from CT^ /2 = \/2^y= = -. 

We can also consider modding of theory with operator (—1)^^, as in ref.p]. It 
was argued, that non-BPS brane is invariant under this projection, so that we can 
look for spectrum of low energy states in string theory living on brane. We start 
with system of brane + ant ibrane. As is well know, strings starting and ending on 
different branes have different CP matrix. We can take CP matrices in the form: 



oo\ _ _ /oo\ 

(4.31) 



^-^= 10 '^-^ 101 



States, that are invariant in system brane+antibrane, are with CP matrices 
/ and (Ti, whereas states with o"3 and ia2 are projected out ^^ We take system 
brane+antibrane in IIA theory. Then combination T — T is projected out, which is 
equivalent to the condition: 

T-T = 

When we write T = A + iB, we obtain B=0, so that tachyon is real after projection. 
The same argument leads to the condition for spinor B coming from p — o sector, 
results into: 

B-B = Q 

leading to the result, that this spinor must be real. 

From the fact, that states with a^ are odd, we have condition: 

A-A' = 0,X-X' = 0,9-e' = 

, so that these fields must equal. As a result, we obtain in action for system 
brane+antibrane doubled number of terms for massless fields, therefore we must 
redefine these fields: 

V2A -^ A, V2X ^X,V29 ^9,T -^ ^ 

V2 



■=-ij;v».^ f» ; 
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(we have scaling in tachyon and other fields to obtain kinetic terms with standard 
normalisation) as well as B ^ ^2, because modding with (—1)''^^ leads to the trans- 
formation of IIA to IIB. As a result, we obtain action for non-BPS D-brane in IIB 
theory: 

SiiB = -cJ^^^{l + ^) {f.^F^'' + 2d^X'd^X^,,+ 



(4.32) 



\d,Td^T + T,2 + \{-m'T' + ^T') + f{T)e'^eL 



We can again modding out this theory with (—1)-^^, that leads in the bulk to the 

transformation of IIB into IIA theory. Because non-BPS D-brane does not carry RR 

charge, it is invariant under this transformation. As was explained elsewhere [^, 

that state with CP factor I are even under this projection and state with o"i are 

odd. Then we must take tachyon in action to be zero: T = 0, as well as: ^^ = 0. As 

a result, the last bracket in ( [4.32[ ) is equal to 4= and we obtain correct tension for 

BPS brane: 

_C^_ 1 

and the first term leads to the ordinary action for BPS D-brane. 

Now we must return to the interaction of type g(T)9L0L- In the firs section, we 
have supposed, that this term is not important in our calculation. This is possible 
only in case, when this function obey following conditions. Firstly, in order to obtain 
from non-BPS brane BPS brane by operation (—1)^^, we must pose the condition 
g{T = 0) = 0, in order to have F = 4=. Secondly, we should also have condition 
g{To) = 0, -^ \t=To = O.When the letter condition was not satisfied, we would have 
to impose condition 9l = 9ji = and we would not have the correct actions for BPS 
branes. Because we have seen, that from our analysis we are able to obtain actions 
for all branes in Type IIA theory, we can suppose, that this function obeys these 
conditions. It is not difficult to find such a function, for example g{T) = T^(T^— Tg )^. 
In the following, we will suppose, that g obeys previous conditions and we will not 
implicitly write this term into action. 

We have seen, that from tachyon condensation in the form of kink solution on 
world-volume of non-BPS D9 branes, we have obtained action for D8-branes and 
D8-antibranes. We have also seen, that further tachyon condensation on the pair 
D8-brane -fDS-antibrane leads to non-BPS D7-brane, as can be expected on general 
grounds 0, Q. And finally, the last tachyon condensation leads to BPS D6-brane. In 
this "step by step" construction we would be able to construct the whole spectrum 
BPS and non-BPS D-branes in IIA theory, again with completely agreement with 
[|]. But certainly it would be nice to have a contact with one step construction. 
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proposed in ||^. In the last section, we show first step in this direction. We will 
construct tachyon vortex solution on pair D8-brane+D8-antibrane. 

4.2 Vortex solution on pair brane+antibrane 

Now we proceed to the question of construction of vortex solution on system D8- 
brane and D8-antibrane. The gauge theory describing this system is U{1) x f/(l) 
and action has a form: 

s = -cj^ji + \) {fmnF^'' + f;,^f'*^^+ 

+2dMXd^X + 2dMX'd'^X' + 2iBT^'dMB + 2ier^dMe + 2i'e'T^'dM0') X 

X {2T^ + 2{DmTDT^^ + V{T) + {XT - TXf) + f{T)Be + f{T)BT^e') 

(4.33) 

Now we would like to construct vortex solution, where tachyon field forms a 
vortex in space R^ on world- volume of brane+antibrane pair (we divide world- volume 
of this pair as i?^'^ = i?^ x R^'^ and we take cylindrical co-ordinates in the R^ space 
r, 0) , that has a form: 

T = T^e'^ (4.34) 

Strictly speaking, the tachyon should approach to this solution in spatial infinity, but 
we would like solution, that is in vacuum value in the whole plane R^ except some 
small region around point r = 0. Equation of motion for tachyon is: 

^ = -DmD''T + i + -^BT^'e' + TiX - X'f = (4.35) 

5T dT 2dT ^ ' ^ ' 

and the same for T. We will make the same analysis as in previous cases of kink 
solution, but there is an important difference. In kink solution, we have specified 
only real part of tachyon, so that imaginary part remained free, so we have generally 
obtained non stable configurations after tachyon condensation. In vortex solution, 
the tachyon is fixed completely, even in point r = 0, so that there is no place for 
remaining tachyon modes, so that we should expect, that we obtain stable configu- 
ration following previous results [|l], ||, Q we can expect, that resulting configuration 
is supersymmetric D6-brane. 

As in usually, we start with points in plane R^, where tachyon is in vacuum 
value. Again, because tachyon vacuum value is nonzero, we obtain condition for 
fields describing fiuctuation in 9-th direction: 

X-X' = (4.36) 

From the requirement of continuity of massless field, this constraint must be 
obeyed on the whole plane, so that brane and antibrane system has only degrees of 
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freedom corresponding to the transverse fluctuation of the system as it would be the 
single object. 

Now we return to the equation ■^BV'^9' (and the analogous equation for T) in 
the point, where T is in vacuum value. Because these derivation is nonzero, we obtain 
conditions for spinor fields (the situation is the same as in case of kink solution, so 
we do not mean to go into details). Due to the fact, that / is real function, we can 
write this derivation as follows: 

df ., df 

-^ = Q — III, —— = q + III 

dT ^ ' dT ^ 

and in the same way: B = X + iY, B* = X — lY . Then we obtain : 

gxv^{e + e') + ihv\e - e') + igYT\e' -e) + hYv\e + e') = Q (4.37) 

It is clear, that solution of this equation is 

X = Q,Y = 0,9 = 9' (4.38) 

implying, that spinor arising from string sector connecting brane and antibrane disap- 
pears and two spinors from string sector living only on brane and antibrane combine 
to one independent spinor. Again, this implies existence of supersymmetric brane. 

The equation ^ is zero in point \T\ = Tq and in point a; = 0, where we expect 
tachyon field to be zero, is zero as well, because value of tachyon T = is also 
minimum of potential. But in the small region around point a; = the behaviour of 
this potential will be nontrivial, because tachyon goes from T = Tq to the T = 0, 
this function must change very rapidly, so we expect, that infinity from this potential 
cancel the infinity from derivation of tachyon, so that equations of motion are obeyed. 

The last term is DmD^T = 0, that leads to the condition DmT = 0. For 
/i = 0, ...5, we obtain (due to the fact, that tachyon is not function of these co- 
ordinates) : 

{A - A)^T = Q^A^ = A!^ (4.39) 

again we have only one independent gauge fields in this direction. For the directions 
in plane R^, the situation is more subtle. Because tachyon has nonzero twist, the 
requirement D^T = leads to the condition 

and condition D^T = in point outside r = leads to the condition A^ — A'^ = 0. 
Because tachyon is fixed also in point a; = 0, this functions are fixed in this points 
as well, so we have conditions: Ar — A'^ = holding everywhere and A^ — A'^ is fixed 
in some nontrivial way. In other word, even if the field A^ — A^ and its derivation 
is nonzero in point x = 0, this field are not free, so that they appear in resulting 



26 



action as a constant, that can be taken out, but the nontrivial behaviour of A^ — A', 
is important in WZ term, as we will see. 

On the other hand, fields A^ = A^ + A'^, A^ = A^ + A'^ are free, which leads to 
the important consequence. To conclude, in order to obey equations of motion for 
tachyon, we have obtained number of constraint on massless fields living on brane 
and antibrane and also we have obtained the form of the second bracket in the action: 

{...)=2T^6{r) = 2T^6{x)6{y) (4.40) 

As was pointed in previous part, the only nontrivial fields coming from gauge fields 
with indexes r, are fields A^ , where we again use Cartesian co-ordinates in plane 
R^. To explain this fact more carefully, we rewrite kinetic terms for gauge fields as 
follows (we include factor 2 from ( 4.401) ): 



2{FmnF^'' + F;^^F'^'^) = 2F^,F'''' + 2F;,F'^^ + 

+4F^iF''' + 4F;.F''^^ + iF.yF'^y + AF'^yF'^y = 

F%F'^''' + F^^F"^'' + 2(F^F'^^' + F^F'^'^^) + 2(F4F'^^ + F^yF^^^) 



(4.41) 



where for the time being j = 8, 7 and where we have introduced combinations: 
A%j = Am+A'j^, A%[ = Am — A'j^j. This expression simplifies dramaticly, when we use 
previous results. Firstly, factor F^^ is zero due to the condition ([4.39|) . Secondly, term 
F^^- is zero as well, because contains fields, that are completely fixed with tachyon 
condensation and this is independent on yU = 0, ..6 co-ordinates. And finally last 
bracket is zero as well, because symmetric combination of field is independent on x, y 
co-ordinates as other massless fields and antisymmetric combination is completely 
fixed with tachyon, so that has not any dynamical effect and consequently can be 
put away from the Lagrangian. As a result, we obtain following kinetic term (We 
rename A^ = A^,Al. = X^^y and we include kinetic term for scalar fluctuation in 
9-th direction, which appears only in symmetric combination due to the ([4.36|) ): 

F^^F^"" + 2df,X'd^'X^6ij (4.42) 

where i,j = 7,8,9. We can also introduce symmetric and antisymmetric combina- 
tions for fermions and with using (|4.38| ) we flnd out, that only symmetric combination 



survives. Finally, with using the fact, that CT^ = -, we obtain action for supersym- 
metric D6-brane: 

S = -- f (1 + 7) (f^uF'^'' + 2{er'd^e + 26,,,d^XWxA (4.43) 



As a next thing we must return to the WZ term. We will follow ref. \\t 



where WZ term for system brane+antibrane was presented. As was explained in this 
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paper, in case of tachyon condensation into vortex solution, the tachyon field do not 
contribute the RR charge and we obtain following coupling: 



Iwz = k CsA ie' - e' ) (4.44) 

where k is unknown constant. When we expand the exponents, we obtain: 

Iwz = kJCjA{F-F') + ^Jc,A{F- F') A (F + F') + 

+- / C3 A (F - F') A (F A F + F A F' + F' A F') + 
6 J 

+— fCiA{F- F') A (F + F') A (F A F + F' A F') 

(4.45) 

It is well known, that integral/ (F — F') has value 27r for tachyon vortex, so that first 
term express coupling D6-brane to the C7 form and consequently k is proportional 
to RR charge of six brane (Again, we do not worry about various factors of vr, which 
can be easily found with help of dimensional analysis.). 

The other terms are more subtle. The second term gives coupling: |/C5(F^), 
which could suggests, that resulting brane carry one half of C5 charge. The other 
terms give the same results, we do not know how this solve, maybe we should use 



the result in [|16l, where WZ term for system brane and antibrane is expressed in 
form of super connection. 

To sum up, we have obtained action for D6-brane as a result of tachyon conden- 
sation in form of vortex solution on world- volume of system D8-brane-t-D8-antibrane. 
We have seen, that this solution carries correct value of charge for coupling with C7, 
but question of charges for lower RR forms remains open. 

5. Conclusion 

In previous parts we have seen, that we are able to construct action for all D- 
branes in IIA theory via tachyon condensation in the procedure named "step by 
step" construction, which was proposed in 0. Then we have seen, that we can con- 
struct lower dimensional brane in form of vertex solution on world- volume of system 
brane-|-antibrane, which certainly could be used to construction all D-branes in IIB 
theory, following Q. 

As a next step in this analysis, is construction more general vortex solutions 
directly in world-volume of non-BPS D9-branes in IIA theory or in world- volume of 
system D9-branes and D9-antibranes in IIB theory. Further it would be interesting 
to study more general configurations, where D-branes are in general positions and the 
configurations with branes and antibranes, that are not coincided. It would be also 
interesting, following |^, to study relation between tachyon condensation and Matrix 
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theory. It seams to us, that tachyon could have some connection with the origin of 
the branes, with breaking of supersymmetry, and consequently, through construction 
of DO-branes and their using in Matrix theory, with M theory and holography. 

As the last thing we must say a few words about WZ terms. We have seen, that 
for tachyon condensation on N non-BPS D9-branes, we obtain WZ term, correspond- 
ing to the difference of WZ terms for D8-branes and D8-antibranes. This is certainly 
a good result, but seams to us, that there is still something missing, because insta- 
bility of resulting configuration does not appear in this term. As a result, through 
further tachyon condensation on this system, we obtain unstable non-BPS D7-brane 
and from our analysis was clear, that this brane does not carry charge of any lower 
dimensional RR form. Again, in some sense this is correct result, because non-BPS 
D-brane does not carry RR charge, but we know, that further tachyon condensation 
leads to stable BPS D-brane, but due to the absence of coupling between tachyon 
and RR form, we cannot obtain coupling between BPS brane and RR form. In other 



words, we do not see relation between WZ term proposed in |T6[ and in |TT| . Better 
understanding of this relation could lead to the explanation, why we do not have 
correct value of charges for lower dimensional branes in D6-brane, as we have seen 
in the last section. We mean, that resolution of this puzzle is very important for 
further analysis. 
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